Abstract. Let K be a compact Lie group with complexification G, and let V be a unitary K-module. We consider the real symplectic quotient M 0 at level 0 of the homogeneous quadratic moment map as well as the complex symplectic quotient, defined here as a complexification of M 0 . We show that if (V, G) is 2-large, a condition that holds generically, then the complex symplectic quotient has symplectic singularities and is graded Gorenstein. This in particular implies that the real symplectic quotient is graded Gorenstein. In the case that K is a torus or SU 2 , we show that these results hold without the hypothesis that (V, G) is 2-large.
Introduction
Let K be a compact Lie group, let V be a unitary K-module and let G = K C denote the complexification of G. We consider the real symplectic quotient M 0 at the zero level of the homogeneous quadratic moment map J : V → k * as well as its complexification, the corresponding complex symplectic quotient ; see Definitions 2.2 and 2.4. Our motivation is primarily from the real quotients, but one may equivalently begin with a complex reductive group G and a G-module V and then choose a maximal compact subgroup K of G as well as a Hermitian structure on V with respect to which the K-action is unitary.
In this paper, we demonstrate that complex symplectic quotients are frequently symplectic varieties in the sense of [3] . This in particular implies that they are rational Gorenstein. Moreover, we demonstrate that they are graded Gorenstein, sometimes called strongly Gorenstein, meaning that they are Gorenstein with no degree shift in their canonical module. This implies that the corresponding real symplectic quotient M 0 , as a semialgebraic set equipped with an algebra R[M 0 ] of real regular functions, is as well graded Gorenstein. Our main result is the following. Theorem 1.1. Suppose that (V, G) is 2-large. Then the complex symplectic quotient N/ /G has symplectic singularities and is graded Gorenstein. In particular, N/ /G has rational singularities.
See Section 2.1 for the definitions of k-large, as well as k-principal and stable, which we use below. The shell N is the zero fiber of the complexified moment map and N/ /G denotes the GIT quotient of N by the action of G.
For a fixed choice of K and G, Theorem 1.1 implies that the complex symplectic quotient associated to "most" G-modules has symplectic singularities and is graded Gorenstein. More precisely, by [38, Corollary 11.6] , if G is connected and simple, then, up to isomorphism, all but finitely many (possibly reducible) G-modules V such that V G = {0} are 2-large, and if G is connected and semisimple, then all but finitely many V such that V G = {0} and each irreducible component of V is almost faithful (i.e. the kernel of the action is finite) are 2-large. We believe that the results of Theorem 1.1 hold more generally, though the proof will require very different techniques. That is, for the few (V, G) that fail to satisfy the hypotheses of Theorem 1.1, we conjecture that the conclusions will hold.
One piece of evidence in this direction is related to the question of which (real) symplectic quotients are (graded regularly) symplectomorphic to a symplectic orbifold, the quotient of a symplectic vector space by a finite group of symplectomorphisms. The authors have demonstrated in [22, Theorem 1.3 ] that such isomorphisms are rare: one can only exist if (V, G) fails to be 2-large (or even 2-principal and stable if G is connected, [22, Theorem 1.1] ). This has similar implications for the complex symplectic quotients; see Section 2. A symplectic orbifold has symplectic singularities by [3, Proposition 2.4] and is graded Gorenstein by the work of Watanabe [47] ; see [41, Theorem 7.1] and [19, Section 6.1] . Hence, only symplectic quotients associated to "small" G-modules inherit the properties of being symplectic varieties and graded Gorenstein via an isomorphism with an orbifold, while Theorem 1.1 demonstrates these properties for "large" G-modules. A major part of the motivation of this investigation is the observation that symplectic quotients are rarely isomorphic to orbifolds yet appear to share many of the properties of orbifolds.
Other evidence for the conjecture is as follows. In [23, Section 8.3] , the Hilbert series of the ring of regular functions on the (real) symplectic quotients corresponding to several non-1-large representations of O n (C) and SU 2 were computed and seen to be so-called symplectic Hilbert series; this condition was later identified in [19, Corollary 1.8 ] to be equivalent to the ring being graded Gorenstein. In [8] , symplectic quotients corresponding to sums of the standard representations of O n and SO n were studied. For small cases, the graded Gorenstein property was verified by explicit computation of the Hilbert series. It was demonstrated that, among these representations, already the shell N has rational singularities if the representation (V, SO n ) is 2-large. We will see other examples of (V, G) such that the corresponding shell N is rational; see Proposition 5.3 and Section 6.
The complex symplectic quotients corresponding to classical representations of GL n , O n , and Sp n have been shown to have symplectic singularities in [42, Appendix A.2], see also [43] . Becker [4] has demonstrated that certain representations of SL 2 (C) are symplectic varieties as well. Note that these references consider also the construction of symplectic resolutions of these symplectic quotients. The existence of symplectic resolutions appears to be rare among symplectic varieties; see [45, Theorem 3.2] .
To further illustrate our conjecture, we consider non-2-large G-modules for certain G. We first consider the case of a torus, yielding the following. Theorem 1.2. Let (V, K) be unitary and assume that the identity component G 0 of G is a torus. Then the complex symplectic quotient associated to (V, G) has rational singularities. If G is in addition connected so that G = G 0 is a torus, then the complex symplectic quotient has symplectic singularities and is graded Gorenstein.
Note that in the case that (V, K) is unimodular, Theorem 1.2 was established in [32, Lemma 3.8] .
Similarly, for G = SL 2 (C), the few G-modules that fail to be 2-large have been determined in [38, Theorem 11.9] , and many of these were found to be isomorphic to linear symplectic orbifolds in [22, Theorem 1.6] . Considering the remaining few, we obtain the following. Theorem 1.3. Let K = SU 2 and let (V, K) be unitary. Then the corresponding complex symplectic quotient has symplectic singularities and is graded Gorenstein. In particular, the complex symplectic quotient has rational singularities.
The outline of this paper is as follows. In Section 2, we recall the relevant background information we need. Section 2.1 gives definitions of the hypotheses for G-modules that will play a role in this work, Section 2.2 explains our definition of the real and complex symplectic quotients, and Section 2.3 recalls the background and results on symplectic and Gorenstein singularities. In Section 3 we establish several auxiliary results we will need about the structure of the shell N and the properties of G-modules. In particular, we give a symplectic slice theorem for complex symplectic quotients in Section 3.3 and use it to demonstrate that for 1-large G-modules, the complex symplectic quotient inherits a symplectic structure on its smooth locus; see Corollary 3.17. We then prove Theorem 1.1 in Section 4. In Section 5, we consider the case of G 0 a torus and prove Theorem 1.2, while in Section 6, we consider the case of K = SU 2 and prove Theorem 1.3.
Background and definitions
2.1. Properties of (V, G). Throughout, this paper, K will denote a compact Lie group and G = K C its complexification, i.e., G is a complex reductive group and K is a maximal compact subgroup of G. Let V be a G-module.
G is an affine variety that parameterizes the closed orbits in G. If Gv is a closed orbit, then the isotropy group G v is reductive, and the isotropy type of the orbit Gv is the conjugacy class of G v . The variety V / /G is stratified by isotropy type, and there is a unique open stratum (V / /G) pr called the principal stratum; the isotropy groups of points in the corresponding closed orbits are called principal isotropy groups. We let V pr = π −1 ((V / /G) pr ) where π : V → V / /G denotes the orbit map, the map dual to the inclusion O(V ) G ⊂ O(V ). We say that a subset of V is G-saturated if it is a union of fibers of π.
We say that (V, G) has FPIG if the principal isotropy groups are finite and TPIG if they are trivial. We say that (V, G) is stable if there is an open set of closed orbits; equivalently, if V pr consists of closed orbits. For k ≥ 1, we say that (V, G) is kprincipal if codim V V pr ≥ k. Letting V (r) denote the set of points with isotropy group of dimension r,
Finally, (V, G) is k-large if it is k-principal, k-modular, and has FPIG. See [38] for more background on these concepts, and note that references sometimes differ about whether FPIG is required as part of the definition of k-modular or k-principal.
Applying the definition of k-modular to the points with isotropy group of dimension dim G one easily shows the following.
Lemma 2.1. Let V be a k-modular G-module where G is not finite and k ≥ 0.
2.2.
Real and complex symplectic quotients. For a unitary K-module V with dim C V = n, let z 1 , . . . , z n be a choice of unitary coordinates for V . Considering V with its underlying structure as a 2n-dimensional vector space, we equip V with the symplectic form
and then the corresponding Poisson bracket on C ∞ (V ) satisfies
The action of K on V is Hamiltonian with moment map J : V → k * defined by
Choosing a basis A 1 , . . . , A m for k, the components J i := J(·), A i are homogeneous quadratic elements of the algebra R[V ] of real regular functions on V . We let (J) denote the ideal generated by the J i in R[V ] and let M denote the zero set of J.
K denote the K-invariant polynomials on V , a finitely generated graded algebra, and let (J)
K denote the invariant part of (J).
Definition 2.2. Let K be a compact Lie group and V a unitary K-module. Let J : V → k * denote the associated homogeneous quadratic moment map. The (real) shell associated to (V, K) is the set M with ideal R (J), the real radical of J, which is the same thing as the ideal of R[V ] vanishing on M . The real symplectic quotient associated to (V, K) is the quotient M 0 := M/K. Thus the Poisson algebra of real regular functions on the real symplectic quotient is defined by
Note that as J is equivariant, the Poisson bracket on R[V ] induces a well-defined Poisson bracket on R[M 0 ]. The real symplectic quotient is a symplectic stratified space [39] and is a semialgebraic subset of the semialgebraic set V /K [34] . See also [1, 13, 21, 23] for background on real symplectic quotients and their algebra of real regular functions.
Remark 2.3. It is frequently the case that J generates a real ideal of R[V ], i.e., R (J) = (J). Recalling that G = K C , this is in particular true if (V, G) is 1-large by [21, Corollary 4.3] . Even if this condition fails, it can happen that the invariant part of the real radical of (J) is the invariant part of (J), i.e. R (J) K = (J) K ; see Example 2.6 below. In these cases, we of course have
The action of K on V extends to an action of G on V . We complexify the real vector space V to form V C := V ⊗ R C, which is isomorphic as a K-module to V ⊕ V * , and we take the G-action to be the obvious one on V ⊕ V * . Letting (w 1 , . . . , w n ) denote coordinates dual to (z 1 , . . . , z n ), we equip V ⊕ V * with the complex symplectic form
The action of G on V ⊕V * is Hamiltonian with moment map µ = J ⊗ R C : V ⊕V * → g * , the complexification of the real moment map. With respect to a basis for g, we let µ i denote the corresponding coordinates of µ, and then the µ i are homogeneous quadratic elements of the regular functions O(V ⊕ V * ). Note that if the chosen basis consists of real vectors so that it is also a basis for k, then µ i = J i ⊗ R C for each i. Let (µ) denote the ideal generated by the components of µ. We define the complex symplectic quotient to be the complexification of M 0 as follows. Definition 2.4. Let K be compact Lie group, V a unitary K-module and G = K C . Let µ : V ⊕ V * → g * denote the moment map associated to the Hamiltonian action of G on V ⊕ V * with respect to its standard symplectic structure, i.e., µ = J ⊗ R C. The (complex) shell N associated to (V, G) is the subscheme of V ⊕ V * associated to (µ). The complex symplectic quotient associated to (V, G) is
where the z i are coordinates for V and w i the dual coordinates for V * .
This definition of complex symplectic quotient is not standard. Some authors consider the alternative quotient
while others compute the radical in the complex sense and consider
Definition 2.4, on the other hand, corresponds to computing the real symplectic reduction and then complexifying. More precisely, using [36, Proposition 5.8(1)], the variety of Equation (2.2) is
Our motivation for using this definition is two-fold. First, we are primarily interested in using the complex symplectic quotient to study properties of the real quotient M 0 and its ring R[M 0 ] of real regular functions. Secondly, there are cases where the quotients defined by Equations (2.4) and (2.5) can be pathological in ways that do not appear to occur for complex symplectic quotients as defined in Definition 2.4. For example, we will see in Section 6 that Theorem 1.3 fails using either quotient given in Equations (2.4) and (2.5); see Examples 6.1 and 6.2.
We would like to stress, however, that these three notions of complex symplectic quotients do coincide for almost all representations. Specifically, we have the following.
Lemma 2.5. Let (V, K) be unitary and let
In particular, this holds if (V, G) is 1-large.
Proof. By [36, Proposition 5.8(1)], we have
That the hypotheses hold when (V, G) is 1-large is a consequence of [21, Corollary 4.3] as noted in Remark 2.3.
Even in the rare cases that (V, G) fails to be 1-large, it can happen that Equations (2.4) and (2.5) coincide with our definition of the complex symplectic quotient. For instance, there are non-1-large representations for which J generates a real ideal, including the standard action of O n or SO n on V = C n with n ≥ 3; see [1, Example 7.10] . However, even if the ideal generated by J fails to be real, it can happen that (J) K = R (J) K , as illustrated by the following.
Example 2.6. Let V = C with G = C × -action given by multiplication. Then the only closed orbit is {0} so that (V, G) fails to be stable so cannot be 1-large. The G-action on V ⊕ V * = C 2 has weight vector (1, −1). In real coordinates (z, z) for V , the K = S 1 -moment map J is, up to a scalar, zz = |z| 2 . The corresponding ideal (J) = (zz) is clearly not real, as its zero set is the origin and its real radical contains z and z. On the other hand, using coordinates (z, w) for V ⊕ V * , the complex moment map µ = zw generates the radical ideal (zw).
However, the invariants of this action are generated by zz in the real algebra R[V ] and zw in the complex algebra O(V ⊕ V * ). Therefore,
Hence in both the real and complex case, the symplectic quotient is a point.
If H is the isotropy group of a K-orbit in M , then H C is the isotropy group of the corresponding closed G-orbit in N . However, the conjugacy classes of such isotropy groups do not necessarily exhaust those in N , as the following example shows.
Example 2.8. Let K = SU n , G = SL n (C) and V = 2nC n with the diagonal action. By [38, Theorem 11 .15], V is 2-large. The isotropy groups of K acting on M are just {e} and K since the isotropy groups of closed orbits of G acting on V are just {e} and G. Let 1 ≤ k ≤ n − 2 and consider the point x = ((e 1 , . . . , e k , 0, . . . , 0), (0, . . . , 0, e * 1 , . . . , e * k )) ∈ V ⊕ V * . Here the e i and e * i are the usual basis and dual basis of C n . Then x ∈ N lies on a closed G-orbit with isotropy group SL n−k (C).
2.3. Symplectic singularities and graded Gorenstein rings. Recall the following. Definition 2.9 (Beauville, [3] ). An algebraic variety X over C has a symplectic singularity at p ∈ X if there is an open neighborhood U of p (classical topology) such that (i) U is normal, (ii) the smooth locus U sm of U admits a holomorphic symplectic (i.e., closed and non-degenerate) 2-form ω, and (iii) for any resolution f :
* ϕ extends to a holomorphic 2-form on Y . We say that X has symplectic singularities or is a symplectic variety if it has a symplectic singularity at each point.
Note that in condition (iii) of this definition, if there is a resolution
* ϕ extends to a symplectic form on Y , then Y is called a symplectic resolution of U . Symplectic varieties need not admit symplectic resolutions. See [16] for a survey of symplectic singularities and resolutions.
As noted in [3] , the main theorem of [15] implies that condition (iii) of Definition 2.9 is always satisfied if the variety is smooth in codimension 3; that is, we have the following. Theorem 2.11 (Namikawa, [33] ). A normal variety X has symplectic singularities if and only if it is rational Gorenstein and the smooth locus X sm admits a holomorphic symplectic form.
Let R be an N-graded algebra such that R 0 is equal to the ground field. Recall [12, Section 21.11] that R is Gorenstein if and only if it is graded isomorphic to its canonical modules, possibly with a shift in the grading. This shift is known as the a-invariant of R, denoted a(R) [7, Definition 3.6.13] , [17, Section 3] . If a(R) is equal to the negative Krull dimension of R, then we say that R is graded Gorenstein, also called strongly Gorenstein [10, page 103] .
By [40, Theorem 4.4] , for a Cohen-Macaulay ring R, the Gorenstein and graded Gorenstein properties can be determined from the Hilbert series of R. Specifically, we have the following. Theorem 2.12 (Stanley, [40] ). Let R be a graded commutative Noetherian algebra over a field k = R 0 . Suppose that R is a Cohen-Macaulay integral domain with Krull dimension d. Then R is Gorenstein if and only if the Hilbert series Hilb R (t) satisfies
for an integer a, which is then equal to a(R).
If G is finite, then the moment map is trivial so that the complex symplectic quotient is the usual quotient (V ⊕ V * )/G. We refer to a quotient of this form as a complex symplectic orbifold. Because the action of G on V ⊕ V * is unimodular, we have the following consequence of [ Theorem 2.13 (Beauville [3] and Watanabe [47] ). Suppose that G is a finite group and V is a G-module. Then the complex symplectic orbifold (V ⊕ V * )/G has symplectic singularities and is graded Gorenstein.
The fact that (V ⊕ V * )/G is rational follows from a theorem of Boutot [6] , which applies for any reductive G.
Auxiliary results

3.1.
Normality of the shell. By [21, Theorem 2.2(4)], if the G-module V is 2-large, then the shell N is a normal variety. However, this condition is sufficient but not necessary: there are G-modules V that are not 2-large such that N is normal, as we will see in Section 5; see also [8, page 17] . In fact, using the isomorphism of O(N ) with the symmetric algebra of the Jacobian module described in [21, Remark 2.4], the condition that (V, G) is 2-modular is equivalent to the shell N being factorial by [2, Proposition 6] . In this section, we give the following characterization of Gmodules V such that N is normal; compare the similar conditions of [27, Lemma 
(i) The shell N is reduced and irreducible if and only if V is 1-modular.
(ii) If V is 2-modular, then N is normal.
(iii) The set of smooth points N sm of N is the set of points on which dµ has maximal rank. (iv) The set R is the set of points in V ⊕ V * on which dµ has maximal rank. (v) The shell N is normal if and only if N R has codimension at least two in N .
Proof.
As N is equidimensional, it must then be that N r ⊂ N 0 for each r ≥ 1. Hence N is equal to the closure of N 0 r≥1 N r . As V (0) is irreducible, N 0 r≥1 N r is as well irreducible and consists of smooth points of N , hence is reduced, proving (i). To prove (ii), note that if (V, G) is 2-modular, then the N r have codimension at least 2 in N . Then N is smooth in codimension 1 and Cohen-Macaulay, hence normal by Serre's criterion [31, Theorem 23.8] .
As N is a complete intersection, (iii) is simply the Jacobian criterion. Now, for each A ∈ g, let µ
A : V ⊕ V * → C denote the evaluation of µ at A. As µ is bilinear, dµ A (x, ξ) = 0 if and only if A(x) = A(ξ) = 0. Then (iv) follows from the fact that R is the set of points where no dµ A vanishes for A ∈ g {0}, and (v) follows from the fact that N is then smooth in codimension one if and only if N R has codimension at least two.
See [21, Remark 2.4] for an alternate proof of (i) and (ii).
3.2.
The k-large property for V * . Let G be a reductive group and V a Gmodule. The goal of this section is to demonstrate that several properties of V imply the same for the dual module V * . We collect these in the following. 
Let Cl(V ) denote the set of conjugacy classes (G v ) of isotropy groups of closed orbits Gv in V . For (H) ∈ Cl(V ) let (V / /G) (H) denote the corresponding stratum of V / /G and let V (H) denote the inverse image of (V / /G) (H) in V . We need the following lemma.
Proof. We follow ideas of the proof of [28, Proposition E] . First assume that G is connected. Then there is an automorphism τ of G which interchanges W and W * for every G-module W . Specifically, τ induces an automorphism on the space of highest weights of irreducible G-modules sending the highest weight of W to that of W * . Thus we may consider V * as a representation of G on the same space V but with g ∈ G acting via τ (g). Then O(V ) G = O(V * ) G and for each isotropy group H, the identification sends H) ) . Returning to the general case so that G need not be connected, let (H) ∈ Cl(V ). Then by [36 
Under the above identification of the G 0 -modules V and V * , we see that the closed G 0 -orbits of the two modules are the same. This implies that the closed G-orbits are the same and that there is a Zariski open subset U *
is the null cone of W . For the action of H on V * we get the decomposition V * ≃ g/h ⊕ W * ⊕ C e , so it remains only to show that dim N (W ) = dim N (W * ). But as a set, the null cone of W is determined by the action of H 0 , and the identification of the
Remark 3.4. Let V be a G-module with FPIG, and let A 1 , . . . , A m be a basis of g considered as functions h 1 , . . . , h m on V ⊕ V * . It can be shown that in this context, the k-large property for (V, G) is equivalent to the existence of homogeneous Proof of Theorem 3.2. We first note that (i) is proven in [28, Proposition E] , where it is also demonstrated that the principal isotropy groups of V and V * are the same. Then (ii) is an immediate consequence. Since (V, G) is k-modular if and only if (V, G 0 ) is k-modular, (iii) is immediate using the automorphism τ of Lemma 3.3. Statement (iv) follows directly from Lemma 3.3 and, of course, (v) follows from (ii), (iii) and (iv).
3.3. The symplectic slice theorem for complex symplectic quotients. In this section, we adapt Luna'sétale slice theorem [30] to the context of Hamiltonian actions of reductive groups on affine varieties with a symplectic structure. We use this formulation to demonstrate that for 1-large (V, G), the symplectic form on V ⊕ V * induces a symplectic form on the smooth points of the complex symplectic quotient. This strengthens the criteria given in [4, Proposition 2.4]; see also [11, Lemma 2.5] .
We begin with the following observations regarding the structure of G-modules in the presence of invariant bilinear forms.
Lemma 3.5. Let V be a G-module which admits non-degenerate G-invariant bilinear forms ω and σ such that ω is skew-symmetric and σ is symmetric. Then V ≃ W ⊕ W * for some G-module W , and W and W * are isotropic relative to ω.
Proof. Define the linear map τ :
In coordinates, if Ω and Σ denote the matrices of ω and σ, respectively, then τ is given by −Σ −1 Ω. Note that τ is clearly G-invariant and skew-symmetric. The eigenvalues of τ are in pairs of the form ±λi for λ > 0. Thus we can write V = V + ⊕V − where V + (respectively V − ) is the sum of the eigenspaces for positive (respectively negative) multiples of i. Then ω vanishes on V + and V − and therefore induces a dual pairing of
Corollary 3.6. Let V be a G-module and let U be a G-submodule such that
Proof. We follow an argument from [29, Lemma 5] . Let ω 1 be a non-degenerate G-invariant bilinear skew-symmetric form on V and let ω 2 be a non-degenerate G-invariant bilinear skew-symmetric form on U . We extend ω 2 by zero on a Gcomplement to U in V to consider it as a form on V . Consider the G-invariant skew-symmetric forms ω t := tω 1 + (1 − t)ω 2 for t ∈ R. For most t, the form ω t is non-degenerate on both V and U . Let t 0 be such a t, and let W denote the orthogonal complement to U with respect to ω t0 . Then ω t0 is non-degenerate on W and induces a non-degenerate form on V / U ≃ W . The same argument shows that V / U admits a non-degenerate G-invariant symmetric bilinear form, hence so does W . Now we can apply Lemma 3.5.
Recall that if X and Y are affine G-varieties, a G-morphism φ : X → Y is said to be excellent if
Thinking analytically, φ isétale if and only if it induces a locally biholomorphic map of the complex analytic varieties associated to X and Y . In particular, if X and Y are smooth, φ isétale if and only if the differential of φ is an isomorphism at each point of X. Lemma 3.7. Let X and Y be smooth affine G-varieties. Let ω be a symplectic form on Y with respect to which Y is Hamiltonian with moment map µ : Y → g * . If φ : X → Y is excellent, then X is Hamiltonian with respect to the symplectic form φ * ω and moment map φ * µ.
Proof. For each x ∈ X and A ∈ g, one checks that d((φ * µ) A )(x) = (ι A φ * ω)(x). Hence φ * µ is a moment mapping for the symplectic action of G on X.
Let X be an affine G-variety, and let x ∈ X. Recall that anétale slice at x is a G x -invariant locally closed subvariety S ′ of X containing x such that the morphism
denotes the image of (g, s) in G × Gx S ′ . By Luna'sétale slice theorem [30], there is a slice at each point x such that the orbit Gx is closed.
We will now describe the form of anétale slice in the presence of a G-invariant symplectic structure at a point in the shell. Let (V, K) be unitary, let x ∈ N ⊂ V ⊕ V * with Gx closed, and set L = G x . Let ⊥ denote perpendicular with respect to the symplectic form. Since x ∈ N , E := T x (Gx) is isotropic and we have a direct sum decomposition of L-modules
* is paired dually with E ≃ g/l via ω. Then ω restricts to a symplectic form ω S on S. We call (S, L) the symplectic slice representation at x. We will show that, up to an excellent morphism, N near x is isomorphic to G × L N S at [e, 0] where N S is the zero set of the moment map µ S : S → l * .
Proposition 3.8. Let V be a G-module and let ω denote the standard symplectic form on V ⊕ V * . Let x = (v, ξ) ∈ N such that Gx is closed with isotropy group L, let (S, L) denote the symplectic slice representation at x and let ω S denote the restriction of ω to S. Then S = W ⊕ W * where W is an L-module and W and W * are isotropic subspaces relative to ω S .
Proof. By Corollary 3.6, S ≃ W ⊕ W * where W is an L-module. Since ω S is non-degenerate, W and W * can be chosen to be isotropic by Lemma 3.5.
Because ω is G-invariant, as an L-module, V ⊕ V * is the orthogonal symplectic direct sum (E⊕E * )⊕(W ⊕W * ). For the G-action on V ⊕V * , the slice representation S ′ at x is E * ⊕ S. We have the canonical mapping
Hamiltonian with symplectic form φ * ω and moment mapping φ * µ.
Proof. We make a change of coordinates on x+E * +S. Let A 1 , . . . , A m be elements of g such that the A i +l form a basis of E. Then the functions f i = µ
Ai have linearly independent differentials at x and span the dual of E * . Let h 1 , . . . , h 2k be a basis of S * . Then the f i and h j are a local coordinate system near x ∈ x + E * + S, and the corresponding change of coordinates is equivariant relative to the action of L. By [30, Lemme Fondamental] we have an excellent mapping ψ of a neighborhood Q of 0 ∈ E * × S to a neighborhood Q ′ of x in x + E * + S such that the pull-backs of the f i form a linear coordinate system on E * and the pull-back of each h i is h i . Evidently, the zero set of the f i is {0} × S. Let A ∈ l. Then the zero set of ψ * φ * µ A on {0} × S is just the zero set of µ A on S ⊂ V ⊕ V * . This establishes the lemma.
By intersecting with U , we may assume that φ is excellent on G × L Q. Finally, we have the following symplectic slice theorem.
Theorem 3.10. Let x be a closed orbit in N with isotropy group L. Let (S, L) denote the symplectic slice representation at x with its induced Hamiltonian structure as above. Set E := T x (Gx). Then there is an L-saturated neighborhood Q of 0 ∈ E * ⊕ S and an excellent morphism ρ :
Proof. It follows from what was remarked above that ρ = φ •ψ has the desired properties. Since ρ is excellent, ρ −1 (N ) → N is excellent, showing thatρ is excellent.
Corollary 3.11. Let (P ) be any of the following properties: reduced, irreducible, smooth, or normal. Then N S has (P ) at 0 if and only if N has (P ) at x. Similarly, N S / /L has (P) at the image of 0 if and only if N/ /G has (P) at the image of x.
Proof. Forétale mappings σ : X → Y , a subvariety Z of Y has property (P ) at y if and only if σ −1 (Z) has property (P ) at a point (equivalently, every point) of σ −1 (y). Sinceρ isétale, the first claim follows. The second claim follows from the fact thatρ induces anétale mapping on the quotients.
Similarly, we have the following. Corollary 3.12. Let S, L, etc. be as above. Then the codimension of (N/ /G) (L) in N/ /G is the same as the codimension of (N S / /L) (L) in N S / /L.
We now consider the properties of (V, G) that are inherited by (W, L) for a symplectic slice representation W ⊕ W * corresponding to the isotropy group L. Recall that M denotes the real shell. Proof. Since N is irreducible, M is dense in N if and only if dim R M = dim C N . But the latter equality is equivalent to dim
By [21, Lemma 2.1(2)], the components of µ form a regular sequence in O(V ⊕V * ) if and only if (V, G) is 0-modular. Hence, recalling that regular sequences are preserved by localization, it is easy to see that if (V, G) is 0-modular, then (W, L) is 0-modular. Combining Corollaries 3.11 and 3.14 with Proposition 3.1 (i) we obtain the following.
Proof. Let x = (v, ξ) ∈ N with closed orbit and isotropy group L. If x has principal, hence finite, isotropy group, then x ∈ N sm by Proposition 3.1 (iii) and (iv), and the slice representation at x is trivial. It follows that the orbit Gx is a smooth point in N/ /G. On the other hand, suppose that x does not have principal isotropy type, and then the symplectic slice representation S = W ⊕ W * at x for the action of G on N is nontrivial. As (W, L) is 1-large, N S / /L is singular at the image of the origin by [22, Lemma 2.3] so that N/ /G is singular at the image of x by Corollary 3.11, completing the proof. Now, suppose that (V, G) is 1-large. As explained above, for x ∈ N pr , the symplectic slice representation S is trivial. Hence the symplectic form ω S given by Proposition 3.8 induces a symplectic form on a neighborhood of the orbit Gx in N pr / /G = (N/ /G) sm . Recall that ω S is given by restriction of the standard symplectic form ω on V ⊕ V * . Hence, ω S can be recovered from the Poisson bracket restricted to S via ω(X f , X g ) = {f, g} where X f and X g denote the Hamiltonian vector fields corresponding to functions f and g. In particular, as the Hamiltonian vector fields of the coordinate functions of S span the tangent space to S, ω S is determined by the brackets of the coordinate functions, see Equation (2.3). For
G is defined to be {f, g} + (µ) G , see Definition 2.4, so that the symplectic form on the image of S in (N/ /G) sm is that induced by the Poisson bracket on O(N ) G . Hence we have the following. G induces a regular symplectic form on the smooth locus (N/ /G) sm of the complex symplectic quotient N/ /G that corresponds to the restriction of the standard symplectic form ω on V ⊕ V * to symplectic slices at points with principal isotropy.
Proof of Theorem 1.1
We are now ready to prove the first of our main results. We divide the proof of Theorem 1.1 into two pieces. In Section 4.1, we use the results above to establish that N/ /G has symplectic singularities if (V, G) is 2-large. In Section 4.2, assuming that (V, G) is 1-large, and N normal, we show that O(N ) G is graded Gorenstein if it is Gorenstein. 4.1. Symplectic singularities of N/ /G. To establish that symplectic quotients that satisfy the hypotheses of Theorem 1.1 have symplectic singularities, we first demonstrate the following.
Lemma 4.1. Let L be a reductive subgroup of G and Gv an orbit in V where v ∈ V L . Then the codimension of (Gv) L in Gv is at least
where we have used the fact that 
which has codimension at least p + k. If dim G v = 0, then Gv lies in V V pr which has codimension at least k in V . Applying Lemma 4.1 in either case we obtain the desired estimate.
We now can prove the following. Proof. By Theorem 3.16 above, (N/ /G) pr = (N/ /G) sm so that it is sufficient to show that N/ /G (N/ /G) pr has codimension at least 2k in N/ /G. Since the isotropy type strata of N/ /G are even dimensional, the case k = 1 is trivial and we may assume that k ≥ 2. Then by [38, Corollary 7.7(2)] the principal isotropy group of (V, G) is the ineffective part of the G-action. Replacing G with its image in GL(V ), we may assume that (V, G) has TPIG. Then (V * , G) has TPIG by Theorem 3.2(ii). Moreover, as each principal orbit in N intersects the real shell M , it follows that N has TPIG as a G-variety.
Let n = dim V . Let L be a non-principal isotropy group for the action of G on N and let (v, ξ) ∈ N have closed orbit and isotropy group L. Let S = W ⊕ W * be the corresponding symplectic slice. By Corollary 3.12, the codimension of (N/ /G) (L) in N/ /G is the same as the codimension of (N S / /L) (L) 
As L-modules,
, see the proof of Lemma 4.1, this gives That N/ /G is rational Gorenstein then follows from Theorem 2.11. To complete the proof of Theorem 1.1, then, we need only demonstrate that N/ /G is graded Gorenstein; this will be shown in the next section.
4.2.
Graded Gorenstein symplectic quotients. The goal of this section is to prove the following. Theorem 4.6. Assume that (V, G) is 1-large and the corresponding shell N is normal. If N/ /G is Gorenstein, then it is graded Gorenstein.
Clearly, Theorem 4.6 and Corollary 4.5 imply Theorem 1.1. However, we will also have occasion to apply Theorem 4.6 in cases that are not 2-large; see Section 6.
Let R be a finitely generated N-graded algebra over C of dimension d with R 0 = C. Assume that R is Gorenstein and normal. Let K R denote the canonical module of R so that by [7, Theorem 3.3.7] , K R is graded isomorphic to R with a degree shift. Let σ be a module generator of K R , and let X := Spec R.
Let I be the ideal of functions on X × X of the form i f i (x) ⊗ h i (y) such that i f i (x)h i (x) = 0, and let Ω(X) = I/I 2 . Then I is a homogeneous ideal, and the mapping f → df ∈ Ω(X) defined by f → f ⊗ 1 − 1 ⊗ f + I 2 is degree-preserving. Note that Ω(X) is a graded R module by multiplication on the first factor. Let f 1 , . . . , f d be a homogeneous regular sequence for R and let d i := deg f i . On X sm , we have df 1 ∧ · · · ∧ df d = λσ where λ is a regular function on X sm . Since X is normal, λ extends to a regular function on X, and as σ and the f i are homogeneous, λ is as well. Let m := deg λ. Note that if we calculate λ in K R , whose grading may be different than that on ∧ d Ω(X), the ratio λ remains the same.
Since R is Gorenstein, R = S ⊗ H where H is a finite dimensional vector space whose Hilbert series has the form 1 + · · ·+ t r . As a graded module,
* where H * has Hilbert series 1 + · · · + t −r . We demonstrate this with the following.
Proof. By the definition of K R we have that K * R is calculated as the nth cohomology of the complex First consider the case of a polynomial ring in one variable x of degree e. In this case, we have the complex
. Taking the dual, we see that
and hence preserves degrees. By an induction argument, it follows that in our case,
* with its canonical grading, and the image of
Corollary 4.8. We have r = m so that the isomorphism between sections of K R and ∧
d Ω(X) is degree preserving. In particular, σ has degree
We are now ready to prove the main result of this section.
Proof of Theorem 4.6. Let (V, G) be 1-large and assume that the shell N is normal and that O(V ⊕ V * ) G /(µ) G is Gorenstein. Let n = dim V and g = dim G. Let vol be the volume element on V ⊕ V * and then, up to sign, vol = dx 1 ∧ · · · ∧ dx n ∧ dy 1 ∧ · · · ∧ dy n and has degree 2n and is G-invariant. Choosing a basis A 1 , . . . , A g for g, we let µ 1 , . . . , µ g denote the corresponding entries of the moment map with respect to the dual basis for g * .
Note that as (V, G) is 0-modular, the shell N is a complete intersection by [21, Theorem 2.2(2)]. In particular, the algebra of regular functions on the shell
so that by Theorem 2.12, the a-invariant of O(N ) is 2g − 2n. Hence, the generator σ N of the canonical module of O(N ) has degree 2n − 2g. To describe σ N explicitly, if f 1 , . . . , f 2n−g ∈ O(V ⊕ V * ) are homogeneous, representing homogeneous elements of O(N ), define
restricted to N . Note that α N depends only on the elements of O(N ) represented by the f i . Because the dµ i have degree 2, the value of α N (f 1 , . . . , f 2n−g ) is homogeneous of degree i deg f i − (2n − 2g). Then the form σ N is defined by
Note that h ∈ G acts on σ N by the determinant of h acting on g * . Moreover, by G . Because the vector fields A i have degree zero, the degree of σ N/ /G is 2n − 2g. Noting that dim N/ /G = 2n − 2g completes the proof.
The case of G 0 a torus
In this section, we prove Theorem 1.2. Because the shell N depends only on G 0 , we first consider the case that G = G 0 is a torus. Assume that G = (C × ) ℓ for some positive integer ℓ. Without loss of generality, assume that V G = {0} for simplicity, and by replacing G with its image in GL(V ), we assume that (V, G) is faithful.
Choosing a basis for V with respect to which the action of G is diagonal, we may identify V with C n and describe the action of G with a weight matrix A = (a ij ) ∈ Z ℓ×n . Specifically, in coordinates (z 1 , . . . , z n ) with respect to our basis, the action of G is given by
Choosing the dual basis for V * and using coordinates (z 1 , . . . , z n , w 1 , . . . , w n ) with respect to the concatenated basis for V ⊕ V * , the weight matrix for the action of G on V ⊕ V * is (A| − A). Using the symplectic form ω = √ −1/2 n j=1 dz j ∧ dz j on V , and identifying k * with R ℓ via the coordinates for (C × ) ℓ used above, the real moment map J : V → k * is given by the component functions
It follows that the complexified moment map µ : V ⊕ V * → g * is given by the component functions
See [13, 20, 24] for more details. By [49, Lemma 2], we may replace (V, G) with a stable torus-module without changing the real or complex symplectic quotients, so we may assume (V, G) is stable without loss of generality. In more detail, if (V, G) is not stable, then V / /G has dimension strictly less than n − ℓ. By the Kempf-Ness homeomorphism [37, Corollary 4.7] , the real symplectic quotient M 0 = M/K has real dimension less than 2n − 2ℓ from which it follows that the real shell M has dimension less than 2n − ℓ. Considering the moment map in Equation (5.1), it follows that there are coordinates z i that vanish on M ; again by the Kempf-Ness homeomorphism, these coordinates do not appear in any invariant polynomial. By [49, Lemma 2] , restricting to the subspace of V on which all such coordinates vanish yields a stable torus-module, does not change V / /G, and, as the real shell M is contained in this subspace, does not change the real symplectic quotient M 0 . As the complex symplectic quotient is defined to be the complexification of the real symplectic quotient, it also does not change the complex symplectic quotient. See also [13, Section 3] and [23, Lemma 3] .
In particular, by [21, Theorem 3.2], [46, Proposition 1], (V, G) is 1-large, and by Lemma 2.1, it follows that dim V > dim G. The shell N is therefore a complete intersection by [21, Theorem 2.2(2)], see also [20] , and in particular is CohenMacaulay. By [21, Corollary 4.3] , (µ) is radical and hence the ideal of N . Because row-reducing the weight matrix A over Z corresponds to choosing a different basis for g * and corresponding coordinates for G, we may assume that the weight matrix is in the form A = (D|C) where D is diagonal and has strictly negative entries.
Using Equation (5.2), we express the Jacobian matrix of the moment map µ :
where D 1 is the ℓ × ℓ diagonal matrix with (i, i)-entry a ii w i , D 2 is the ℓ × ℓ diagonal matrix with (i, i)-entry a ii z i , and the · · · indicate ℓ × (n − ℓ) blocks. As a ii = 0 for i ≤ ℓ, it follows from Proposition 3.1(iii) that (z, w) ∈ V ⊕ V * is a smooth point of N unless z j = w j = 0 for some j. Therefore, N is smooth in codimension 1. Then by Serre's Criterion [31, Theorem 23.8] , N is Cohen-Macaulay and regular in codimension 1, hence normal. This yields the following.
ℓ is a torus and that (V, G) is stable and faithful. Then both the shell N and the complex symplectic quotient N/ /G are normal varieties.
Remark 5.2. Note that there is a mistake in the proof of [24, Theorem 3] , where it is incorrectly assumed that the torus representation is 2-large. Lemma 5.1 offers an alternate proof that corrects this mistake.
We now have the following.
ℓ is a torus and that (V, G) is stable and faithful. Then both the shell N and the complex symplectic quotient N/ /G have rational singularities.
Proof. If the symplectic quotient is a point, then the result is trivial, so assume not. As above, we assume without loss of generality that V G = {0} and choose coordinates with respect to which A = (D|C) ∈ Z ℓ×n , ℓ < n, with D diagonal having strictly negative entries on the diagonal. Recalling that N is a complete intersection, the Hilbert series of
so that the a-invariant of N is 2(ℓ − n). In particular, ℓ < n implies that the a-invariant is negative. With this, the proof is by induction on ℓ. If ℓ = 1, then the moment map µ : V ⊕ V * → g * is given by the single function
with Jacobian dµ(z, w) = (a 1 w 1 , . . . , a n w n , a 1 z 1 , . . . , a n w n ).
As V G = {0}, each a j = 0 so that dµ has rank 1 away from the origin. It follows that N is Cohen-Macaulay, normal, has negative a-invariant, and is regular away from the origin so that, by a theorem of Flenner and Watanabe [14] , [48, Theorem 2.2], [25, Theorem 9.2] , N has rational singularities. Now assume that G has dimension ℓ and that the result holds for representations of tori of dimension less than ℓ. We have established that O(N ) is normal, CohenMacaulay, and has negative a-invariant, so again by the theorem of Flenner and Watanabe, it suffices to show that N has rational singularities away from the origin. Let p ∈ N be a nonzero point, and then p has a nonzero coordinate. By switching V and V * and permuting the bases for V and V * , we may assume that p has nonzero z 1 -coordinate. Recalling that V G = {0} and row-reducing A (i.e., changing bases for g * ) results in a weight matrix A = (D|C) such that a 11 = 0 and a 1i = 0 for i = 2, . . . , ℓ. Then
a 1j z j w j , and each µ i for i > 1 involves neither z 1 nor w 1 . Localizing to the set z 1 = 0, we adjoin an inverse to z 1 and express the condition µ 1 = 0 as
eliminating w 1 . Then on the set z 1 = 0, N is isomorphic to the product of C with the shell associated to the (ℓ − 1)-dimensional torus action with weight matrix formed by removing the first row and column from A. This has rational singularities by the inductive hypothesis, completing the proof.
As described above, if (V, G) is not stable, then the corresponding complex symplectic quotient coincides with that of a stable torus representation so that the symplectic quotient still has rational singularities. However, the shell N may fail to be rational.
n act on V = C n with weight matrix given by the identity matrix. Then the only closed orbit is the origin so that (V, G) is not stable. Noting that ℓ = n in Equation (5.3), one observes that the a-invariant of the shell N is zero so that, again by the theorem of Flenner and Watanabe, N does not have rational singularities. Now assume that G is a reductive group such that G 0 is a torus. Let V be a G-module; as above, we may assume that (V, G 0 ) is stable and effective. If V splits into V = V 1 ⊕ V 2 where G 0 acts trivially on V 2 , then the shell of (V, G) is simply
where N 1 is the shell associated to (V 1 , G 0 ). That is, up to trivial factors, the shell of (V, G) satisfies the hypotheses of Proposition 5.3 and hence has rational singularities. By Boutot's theorem [6] , it follows that N/ /G has rational singularities.
When G = G 0 is a torus, assume again without loss of generality that (V, G) is stable and hence 1-large. Recall that the Hilbert series of regular functions on the real and complex symplectic quotients coincide. The complex symplectic quotient N/ /G is then graded Gorenstein by [19, Theorem 1.3] . This, along with Theorem 2.11, completes the proof of Theorem 1.2.
6. The case of K = SU 2
In this section, we prove Theorem 1.3. Throughout this section, we let K = SU 2 so that G = SL 2 (C). In this case, every irreducible unitary K-module is isomorphic to (R d , SU 2 ) for some d ≥ 1 where R d denotes the set of binary forms of degree d; similarly, every irreducible SL 2 (C)-module is isomorphic to some (R d , SL 2 (C)), see [50, Section 15.6] or [5, Section 4] .
By [38, Theorem 11.9] , the nontrivial finite-dimensional representations ⊕ d≥1 m d R d of SL 2 (C) that are not 2-large are the following:
Hence, all other nontrivial SL 2 (C)-modules satisfy the hypotheses of Theorem 1. 
Such a quotient has symplectic singularities and is graded Gorenstein by Theorem 2.13. Hence, Theorem 1.3 holds for all nontrivial SL 2 (C)-modules V such that V SL2(C) = {0} except for 3R 1 , 2R 2 , and R 2 ⊕ R 1 . We will consider these three representations individually below, demonstrating Theorem 2.13 in each case and, for 3R 1 and R 2 ⊕ R 1 , the stronger fact that the shell N has rational singularities.
First, however, let us revisit the discussion of Definition 2.4 in Section 2.2 and consider the failure of the 1-large property in the context of these examples. Each of the cases listed in Equation (6.2) is 1-large except for R 1 , 2R 1 , and R 2 . In the case of R 2 , (J) is real by [1, Example 7.14] so that Lemma 2.5 applies. That is, our definition of the complex symplectic quotient coincides with those of Equations (2.4) and (2.5). This, however, is not the case for R 1 and 2R 1 .
Example 6.1. In the case of R 1 , (µ) is not radical and hence (J) is not real. However, the invariant part of the radical of (µ) is the full invariant ring O(V ⊕ V * ) SL2(C) , and the invariant part of the real radical of (J) is the full invariant ring
K . Hence, in a manner similar to the case of Example 2.6, the real and complex symplectic quotients are both points. See [1, Example 7.12] for a careful discussion.
In [4, Section 3], Becker considers the complex symplectic quotient associated to (R 1 , SL 2 (C)) using the definition of Equation (2.4) . It is demonstrated that this quotient is not a reduced scheme and hence not a symplectic variety. In particular,
Becker corrects for this by equipping the quotient Spec C[z]/(z 2 ) with its reduced structure, yielding a point. Using the quotient in Equation (2.5), one obtains
which also yields a point and coincides with our Definition 2.4 of the complex symplectic quotient in this case.
Example 6.2. In the case V = 2R 1 , the ideal (µ) is radical, but the ideal (J) is not real; see [1, Example 7.13] . In that reference, the real radical R (J) of (J) is computed, and it is shown ([1, Examples 5.11(a) and 7.6]) that the corresponding real symplectic quotient M 0 is isomorphic to the orbifold C/(±1). This can also be demonstrated using the fact that, for V = 2R 1 , the quotient V / / SL 2 (C) is 1-dimensional so that V is polar; see [22, Section 5] .
In this case, however, because (µ) is radical, the quotient defined in Equation (2.4) is isomorphic to the quotient defined in Equation (2.5) yet does not coincide with our Definition 2.4 of the complex symplectic quotient. Moreover, these alternative quotients satisfy none of the consequences of Theorem 1.1. In particular, using the explicit description of the moment map and invariants given in [1, Example 7.13], one computes that O(V ⊕ V * ) SL2(C) /(µ) SL2(C) is generated by six quadratic polynomials σ i , i = 1, . . . , 6 subject to the eleven relations
This ring has depth 1 and Krull dimension 2, so the alternate quotient fails even to be Cohen-Macaulay. 6.1. 2R 2 . Let V = 2R 2 and recall that (R 2 , SL 2 (C)) is isomorphic to the adjoint representation of SL 2 (C). Then the action of SL 2 (C) on V is not effective, as the negative identity acts trivially. We have SL 2 (C)/{± id} ≃ SO 3 (C), and V as isomorphic to 2W where W is the standard representation of SO 3 (C) on C 3 , i.e. V ⊕ V * is isomorphic to 4W . Recall [21, Theorem 3.4] that V is 1-large so that the ideal (J) generated by the moment map in R[4W ] is real, hence the ideal (µ) in O(4W ) is radical. In [8, Theorem 5.1] , it is demonstrated that the variety of the moment map associated to V = 2W has rational singularities. Note that this theorem considers the corresponding real variety, but the proof implicitly appeals to the complexification and hence is identical for the complex variety. Hence, by the theorem of Boutot [6] , the complex symplectic quotient N/ / SO 3 (C) = N/ / SL 2 (C) has rational singularities.
Similarly, in [8, Section 6.2], the Hilbert series of the ring R[M 0 ] of regular functions on the real symplectic quotient is computed to be
This of course coincides with the Hilbert series of the regular functions R[M 0 ] ⊗ R C on the complex symplectic quotient N/ / SL 2 (C). Equation (2.6) is satisfied with negative a-invariant equal to 6, the Krull dimension, so that the complex symplectic quotient is graded Gorenstein. We have that N/ / SL 2 (C) is rational Gorenstein, and by Corollary 3.17, the smooth locus (N/ / SL 2 (C)) sm admits a regular symplectic form. By Theorem 2.11, N/ / SL 2 (C) has symplectic singularities. It follows that Theorem 1.3 holds in this case.
6.2. 3R 1 . Suppose that V = 3R 1 and note that (V, SL 2 (C)) is 1-large. Then V ⊕V * has (complex) dimension 12 so that as the shell N is a complete intersection by [21, Theorem 2.2(2)], N has dimension 9. In addition, V ⊕ V * is isomorphic to 6R 1 and has a linear action of GL 6 (C) commuting with that of SL 2 (C). The quotient (6R 1 )/ / SL 2 (C) is isomorphic to the subspace of ∧ 2 C 6 of 2-forms of rank at most two. There are two GL 6 (C)-orbits in the quotient, one of them being the origin. Now, a point v ∈ 6R 1 is in the null cone N = N (6R 1 ) if and only if the SL 2 (C)-isotropy group of the point is nontrivial, i.e., if and only if the six components of v do not span R 1 . It follows that N has dimension 7 and hence intersects N in codimension at least 2. By Proposition 3.1, as (N N ) ⊂ N sm , it follows that N is normal. Similarly, N/ / SL 2 (C) ⊂ ∧ 2 C 6 is smooth except at the orbit of the origin. However, dim N/ / SL 2 (C) = 6 so that by Theorem 2.10 and Corollary 3.17, N/ / SL 2 (C) has symplectic singularities.
Similarly, as (V, SL 2 (C)) is 1-large and N is normal, it follows from Theorem 4.6 that N/ / SL 2 (C) is graded Gorenstein. Alternatively, we have computed the Hilbert series of the regular functions on the (real or complex) symplectic quotient to be Hilb O(N/ / SL2(C)) (t) = 1 + 9t 2 + 9t 4 + t
6
(1 − t 2 ) 6 .
The a-invariant is −6 = − dim O(N/ / SL 2 (C)) implying by Theorem 2.12 that O(N/ / SL 2 (C)) is graded Gorenstein. (1 − t 2 ) 2 (1 − t 3 )(1 − t 6 ) .
Using this and Theorem 2.12, one computes that the a-invariant is −4 and the dimension is 4 so that N/ / SL 2 (C) is graded Gorenstein. Let us indicate an alternative method of demonstrating that N/ / SL 2 (C) is a symplectic variety and computing the Hilbert series. First, we observe that in this case, a variation on the argument given in [8, Theorem 5.1] can be used to prove that the shell N itself has rational singularities.
Lemma 6.3. The shell N associated to (R 2 +R 1 , SL 2 (C)) has rational singularities.
Proof. Let V = R 2 + R 1 . We use coordinates for V ⊕ V * transforming by weights of C * ≤ SL 2 (C). For R 2 we have z 2 , z 0 and z −2 (of weights indicated by the subscripts), and for R * 2 we similarly have z [25, Theorem 9.2] , it is sufficient to show that N has rational singularities away from the origin. Because SL 2 (C) acts on N as isomorphisms, it is sufficient to show that each orbit contains a point at which N has rational singularities.
At a point where x or y does not vanish, we can by applying an element of SL 2 (C) assume that both x and y do not vanish. Localizing at such points, we solve µ 1 = 0 for x ′ and µ 3 = 0 for y ′ , and then the equation µ 2 = 0 can be written We again have that this hypersurface has an isolated singularity at the origin and negative a-invariant and hence rational singularities by Flenner-Watanabe. The same argument again applies near points where some z i is nonzero, completing the proof.
Finally, we describe a direct computation of the Hilbert series of N/ /G given in Equation (6.3) . Consider g as the quadratic equations defining the shell N . We again have that the elements of g are a regular sequence. Let S denote O(V ⊕ V * ), and then we have an exact sequence 0 → S ≃ S ⊗ ∧ 3 (g) → S ⊗ ∧ 2 g → S ⊗ g → S → S/g → 0.
Taking G = SL 2 (C)-invariants yields
Now, the elements of g are in degree 2, the elements of ∧ 2 g are in degree 4, and ∧ 3 g is in degree 6. Let a(t) denote the Hilbert series of S G and let b(t) denote the Hilbert series for the occurrences of g in S. Then the Hilbert series of (S/g) G is
Hilb O(N/ / SL2(C)) (t) = a(t) − t 2 b(t) + t 4 b(t) − t 6 a(t).
Now one can use the program Lie [44] to calculate a(t) and b(t) to any degree. Going up to degree 14, we found that Hilb O(N/ / SL2(C)) (t) is the rational function given by Equation (6.3). Using classical invariant theory, one can compute that O(N/ / SL 2 (C)) has a homogeneous regular sequence consisting of two elements of degree 2, one of degree 3, and one of degree 6 such that the numerator of the Hilbert series has degree at most 14. Then the Lie calculation confirms Equation (6.3).
